SOME NEW ANALYTICAL TECHNIQUES AND THEIR
APPLICATION TO IRREGULAR CASES FOR THE
THIRD ORDER ORDINARY LINEAR
BOUNDARY-VALUE PROBLEM(")

BY
NATHANIEL R. STANLEY(?)

ABSTRACT

1. For the operator 15 (D) defined by —d?/dx® and a triple of boundary
conditions irregular in the sense of Birkhoff, the reduction of this triple to
canonical forms is implicit in the reduction made for a more general third
order operator (Theorem 1.2).

2. A new technique is developed for calculating the Green's function for
the nth order ordinary linear boundary-value problem (Theorem 2.4), and is
applied to T5; a necessary and sufficient condition is given for the identifica-
tion of degenerate sets of boundary conditions for T3 (Theorem 2.6).

3. A new technique is developed for calculating asymptotic expansions
for large zeros of exponential sums, and the form of the expansion, which in-
cludes a logarithmic asymptotic series, is established by induction (Theorem
3.1); expansions for the cube roots of the eigenvalues of T5 then follow as
special cases.

4. A theorem of Dunford and Schwartz (Theorem 4.0) giving a sufficient
condition for completeness of eigenfunctions in terms of growth of the norm
of the resolvent operator, is applied to prove that, with a possible exception,
the eigenfunctions of T3 span Ly(0, 1) (Theorem 4.5).

0. Introduction. Some of the subject matter to be treated relates directly
to the nth order ordinary linear differential operator T',(D) defined by

(0.1) L(D)y = po(x) Dy + p1(x) D"y + - - - + pal2)y,

in which the coefficient functions pj(x) (j=0, 1, - - -, n) of the real variable
x are continuous and po(x) #0 in the domain of y, and by the set of # linearly
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independent homogeneous two-point boundary conditions

0.2) Z{ [35.0-y™=2(0) + bia-iy™ ()] =0 Gt=1,---,mn),
with the coefficients a¢,a—, and b; .-, complex. The operator T (D), defined
by L(D) = —D? and BC's (0.2) (for #=3) irregular in the sense of Birkhoff,
will be treated in detail. The following definitions and corresponding ab-
breviations (indicated in square brackets) are made:

A boundary form [BF, Ui(y)] is the left-hand member of a linear boundary
condition [BC] given by (0.2).

The boundary matrix [BM ] is the matrix of coefficients @;,n—e, bs,n—s Of the
BF’s (0.2), with not necessarily the same ordering of columns as in (0.2).

The order [k;] of a BF is the order of the derivative of highest order in it
with a nonzero coefficient.

A normalized set of n linearly independent [L1] BC'’s has at most two BF’s
of order n—1, n—2, - - -, 1 respectively, arranged so that b2k - - -
2ka-12ka20, and k;>Ekis. Any set of n LI BC’s can be normalized by
means of linear combinations [LC's] of the BF's.

Egusvalent sets of BC's are such that each BF of one set is expressible as a
LC of the BF’s of the other set.

BC'’s regular in the Birkhoff sense [R(B)] are such that for odd n=2m—1,
60 and 6, are both not zero, and for even n=2m, 0_, 6, are both not zero in the
following identities, in which a;=a;, bs=bi.,:

k1 k1 k1
w1, alwm—-l, (a1 + Sbl)wm, blw..,g.l, c ooy Diws
ke ks
Gw1 y Ny a’2wm—l) (02 + SbZ)wm, b2wm+l, bzw,;
’
(031) 0o+ Ois =
k k kn k k kn
anwl”, * oty Game—, (an + Sbn)"’»:, b»wn:}-l, Lty baw,
s, + 6 + 6,5
ky ky kg -1 kL ky ky
w1, -ty Gty (G150 wm, (@15 B1)wmi1, Di0mis, - - -+, bin
ke ks ks -1 k3 kg ks
(0.3.2) =|awi, * * *, G2m1, (B2F5b2)wm, (B2+S D2)Wmi1, Dowmps, * + +, Down

k kn kn -1k k kn
aﬂ“’ln, t oy Gpm—1, (an+5bn)wm1 (an+s bn)“’;t-{-h bnw:v+2, R ,bnwn

where w,, - + +, w, are the nth roots of —1 ordered so that Re(pw) < - -
=Re(pws), and p is some complex number. BC's irregular in the Birkhoff sense
[1(B)] are such that 8481 =0 for odd #=2m—1, and 8_,8; =0 for even n=2m.
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A now classical paper on the expansion of functions in an infinite series
whose terms are eigenfunctions of an ordinary linear differential operator de-
fined by BC’s R(B) was written by Birkhoff [2]. Subsequently, the corre-
sponding problems for certain second or third order differential operators
defined by irregular boundary conditions were treated by Hopkins [8], Stone
[14], and Ward [16]. In [14], the series obtained was summable by means,
rather than convergent in the usual sense; in [8] and [14], special irregular
BC'’s were considered, and strong restrictions were placed on the type of func-
tion to be expanded. Hoffman [7] has proved that the operators +d?/dx? on
L,(0, 1) (or those differing from them by bounded perturbations) associated
with BC’s I(B), have complete sets of eigenfunctions, but are not spectral.
In §4 it will be proved that T3 (D) has a complete set of eigenfunctions under
the condition stated there.

1. Classification of third order boundary conditions. Each I(B) set of
BC’s for the third order operator T3(D), which includes T3 as a special case,
will now be reduced to one of fourteen canonical sets of BC'’s, thereby sim-
plifying identification of I(B) sets of BC’s and calculation with them. The
BM will be used to designate the BC’s. It is assumed that the BC’s are
normalized. The following table then gives all possible orders k; (:=1, 2, 3) for
the BF’s:

CaseNo. |1 2 3 4 5 6 1
ki
k= 2 2 2 2 2 1
ko= 2 2 1t 1 0 1 O
ky= 1 0 1 0 O 0 O

Since k3 <2, we have a3 =b3;=0. Since k; <2 in Cases 3—7, we have a2 =bs=0
in these cases. In Cases 1 and 2, it is permissible to take one, but not both,
of ax and by, as 0, for the reasons which follow. Let k;=k;,1. The submatrix

G 52

a1 b

of the BM cannot have a null row, by the definition of order of a BF. If it
has a null column, then the order of one of the BF's can be reduced by means
of a LC, thus resulting in an equivalent pair of BC's and a later case (in
Cases 5 and 7, the LI BF's preclude a null column). If both elements of a

column are not zero, then a suitable LC will replace one of them by zero.
Consequently, both elements of one diagonal or the other can be replaced by
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0's, thus giving two (mutually) symmetric subcases. These replacements will
be made shortly in each of the six cases to which they apply.

Upon listing the conditions on the elements of the BM in the seven respec-
tive cases, and choosing w;=¢i®~173 (]=1, 2, 3), p=1, where 1=(—1)1/3,
expanding the determinant in (0.3.1) leads to further conditions on these ele-
ments in the R(B) and I(B) (abbreviated as R and I) subcases, as indicated
below. All cases except Case 4 involve two subcases which are symmetric in
the sense indicated above. Only one of the two has been selected for each such
case; selection of the other merely results in the further conditions (labelled
R or I) with the letters @ and b interchanged. For brevity, the subcase has
been indicated by specifying only one of the nonzero elements. In Case 1, for
example, the statement bss# 0 implies 41370, and a3, =b13=0. The further con-
ditions, which result from either ;=0 or ¢;;1=0 and 8,=0 or 6,=0, are re-
jected when inconsistent with the particular subcase treated. In Case 1, for
example, the conditions including a12=0 are rejected as inconsistent in this

sense.
Caske 1. lanl +'bu| >0, b0, laul +‘b31| >0.

R: a12001bs # 0,

I: a2 = 0, blz # 0,

I: 612# 0, asy = 0, bs; # 0,
I 6120, a3 # 0, b5, = 0.

CASE 2. |au| +|bia| >0, 52250, | as0| +] b30| >0.
R: a13830b30 # O,
I: a3 =0, 012 # 0,
I: 1270, aso =0, b # 0,
I: 4120, @507 0, byo = 0.

CASE 3. |aw| +]|bi| >0, bam0, |an| +]|ba| >0.
R: @1201285 # 0,
I: a3 = 0, by # 0,
I: a5 # 0, 612 =0, b2 # 0,
I: ann# 0, 61065 0, by = 0.

Cask 4. laul +|b12| >0, |(121| +|b21l >0, laso| +|b30| >0.
6o

: —W = 32021030 + 12021850 + b12801a30 # O,

R
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6
— (=3
I: Only one of the above expressions equals zero.

= b19b218s0 + 12821030 + a12b21bs0 # O.

I: Each of the above expressions equals zero.
CASE 5. | @] +|bis| >0, 2050, | ag| +|bso| >0.
R: 1201230540,
I: ax=0, b3p=0,
I: @350, 6,2=0, 51250,
I: a0, 41270, be=0.
CasE 6. |aul +Ibn| >0, bu#0, Iaaol +|b:o| >0.
R: a11830b30 # 0,
I:an=0, b, # 0,
I: 411 # 0, ayo = 0, b #= 0,
I: 617 # 0, a3 # 0, by = 0.
Cask 7. |au| +|bu| >0, b0, |as| + | bso| >0.
R: as0011611 # 0,
I: aso = 0, b3 #= 0,
I: a30# 0, a;, = 0, by; # 0,
I: 650 # 0, ay; # 0, by, = 0.

The purpose of this section is to write sets of BC’s equivalent to the BC’s
I(B) in Cases 1-7 respectively, and having as many 0’s in their BM’s as pos-
sible. After selecting the consistent further conditions, we note that if an
element a; or b; of the BM is not zero, then the LC obtained by multiplying
the BC corresponding to its row by the reciprocal of this nonzero element
replaces it by the element 1. Also, by adding multiples of this row to the
preceding rows we do not change any coefficient of a higher order derivative,
and so all elements above the 1 and in the same column can be replaced by the
element 0. The necessary LC’s will not be stated, and the original notation
will be kept for each element other than 0 or 1. By proceeding in this way,
we have proved

THEOREM 1.2. Any three LI third order BC's I(B) are given by linear BF's
expressible canonically by one of the following BM's, whose columns are ordered
as in (0.2), or the BM's obtained from them by interchanging the letters a and b
and also the “a” and “b” submatrices of each BM :
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0 0 a6 1 bu bio]
Case 1 (a) 1 0 ap 0 bay byl
[0 1 ap 0 0 byl
0 an 1 bu b
CasE 2 (a) 1 aa 0 0 by baol.
0 0 1 0 0 0
1 0 a0 0 0 Byl
Case 3 (a) 0 1 a9 0 0 byl
[0 0 a0 0O 1 Dy
C@12 611 610 b1z bu bio]
CasE 4 0 an a0 0 by b,
[0 0 @ O O  bsol
(a) b12b21aa0 + 12021030 + G12021030 = 0.
"1 an 0 0 by 0
CASE S (a) 0O 0 o0 0 o0 1
0 0 1 0 0 0
0 0 0 0 1 byl
CasE 6 (a) 1 0 0 0 b
0 0 1 0 0 o0 J
0 1 0 0 0 0
Case 7 (a) 0O 0 1 0 o0 o0f.
(0 0 0 0 o0 1

REMARK 1.2.1. In Case 4(a), the reason for selecting the indicated further
condition will emerge from the discussion following Corollary 3.2.1. In all
other cases, the (a) subcase has a shorter uninterrupted sequence of 0's
proceeding up the successive columns of the “a” submatrix of the BM than
does the “b” submatrix.

The identification of degenerate sets of BC’s for T3~(D) depends upon its
characteristic determinant [CD, A], and will be made at the end of the next
section.

2. The CD and Green’s function for T,(D) [9]. The CD for T.(D) is
defined by

(201) A(yl» DR yn) = det Ui(yi) ('l’j =1, ”)’
where y1, - + -, ya are a fundamental set of solutions [FS] of L(D)y=0. The



1961] SOME NEW ANALYTICAL TECHNIQUES 3517

Green's function G(x; ¢) for T,(D) is given by
(2.0.2) G(x; t) = Z(x;8)/A

where Z(x; t) is the CD augmented by the (z41)th row yi(x), - - -, ya(x),
g(x; t) and by the (n+1)th column Ui(g), - - -, Ua(g), g(x; ¢), and g(x; t) isa
fundamental solution [fs] of L(D)y=0, that is, a solution (except at x =) such
that 8*'g/dx*~! (k=1, - - -, n—1) are continuous at x=¢, but d9*g/dx"!
has a jump of —1/p(f) at x=t. The calculation of A and Z will be simplified
by the use of zero values for some of the quantities y*~(0), y¥ (1)
(G, k=1, - - -, mn), in accordance with the analysis which follows.

LEMMA 2.1. If 31, - - -, ¥» are a FS for L(D)y=0, then A(y1, - -+, ¥a)
=210 Coue(yr, + - -, yn), Where C. is the nXn determinant whose columns
are the «kth combination of n columns (sn any one of the n! possible orders) of the
BM with the ith row ay, - - -, @in_, bio, - -+, bina, and [.l.,(yl, cee, y,.) s
the n Xn determinant whose columns correspond to those of C. in the W matrix
with the ith row y:(0), - - -, ¥ 1(0), y:(1), - - -, y® V(1) (and are in the order
corresponding to that of C,).

Proof. This lemma is a special case (involving two # X2 matrices) of a
theorem proved in the treatise by Muir [10].

COROLLARY 2.1. If the linear transformation [LT) of the FS y,u(x) into the
FS y;(x) is given by y;(x) = 2 ke cayn(®) =1, - - -, n), then pe(y1, - * -, Ya)
= (det cik)i‘x(y'rl: oty y'rn)-

Proof. This is an instance of the usual rule for multiplying two determi-
nants.

LemMA 2.2, Z(x; t) = 2% C.M.(x; t), where C. has the same meaning as
in Lemma 2.1, and M (x; t) is the (n+1) X (n+1) determinant formed by first
augmenting the W matrix by the (n+1)th row g(0), - - -, g*=1(0), g(1), - - -,
g1 (1), g(x; t) and the 2n+-1)th column yi(x), - - -, ya(x), g(x; t), and then
taking as the first n columns those corresponding to the respective columns of u.,
and n(x), - - -, ya(x), g(x; t) as the (n+1)th column.

Proof. Expanding the defining determinant for Z(x; ) by minors of its
last row gives

(2.2.1) Z(x;t) = [i} (—1)"+‘+fyj(x)A,~] + (—1)*%(x; 1) A4,

i=1

where 4; is A with its jth column deleted and Ui(g), - - -, Ua(g) as its nth
column. The theorem used in proving Lemma 2.1 is also applicable to A; and
gives, after interchanging summations over j and «,
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hca n

222 ZwH= X C[( > (- 1)"““)'5(90);4"') + (=1 e,
K==1 Jm=1

where u,; transposed is u, with the jth row written as the nth and g replacing

y; in it. The proof is completed by noting that the expression ultiplying

C.in (2.2.2) is precisely the expansion of M,(x; t) by minors of its last column,

since u,; is the transpose of the minor of y;(x) in this expansion.

COROLLARY 2.2.1. If the LT of the FS yy(x) tnto the FS y;(x) is given by
yi(x) = D pai ciyn(x) G=1, - - -, n), then M,(x; t) = (det cit) My (x; ¢) where
M, is obtained from M, by replacing the FS y; by the FS y,;.

Proof. By the rule for multiplying determinants, each minor of the last
row (the g-row) of M, equals det c;i times the corresponding minor of M,,.

COROLLARY 2.2.2. M,(x; t) is tnvariant under the change from one fs g(x; t)
to another.

Proof. Since any two fs's differ only by a LC of the y;(x), such a change
merely adds to the last row of M, a LC of the other rows.

REMARK 2.2.2. The convenient fs's will be gs(x; t), gs(x; t) defined by
2.=0 for x<¢, ga=y(x; t) for x>t; g=—y(x; t) for x<t, g=0 for x>¢;
y(x; ¢) is the solution of L(D)y =0 such that 3*~'y/9x*-'=0 (k=1, - - - ,n—1)
at x=¢, and 9" ty/dx""1= —1/po(t) at x=¢.

In order to use two convenient FS’s, we need the following

DEerFINITION. The FS y;(x) is a normalized FS [NFS] at x=x, if y{*~"(xo)
= 0,z, where 0 is the Kronecker delta.

REMARK 2.3.0. If y;(x) isany FS, then the NFS at x =x,is W;(x; x0)/ W(x0),
where Wj(x; x,) is the Wronskian W(x,) with its jth row replaced by
yl(x)x e vy”(x)-

LEMMA 2.3. If y4;(x), mi(x) are NFS's at x=0 and x=1 respectively,
then y5;(x) = D per 35 2(0)yar(x) and yai(x) = D2 o2-1 35 V(1) yme(x).

Proof. These relations result from the LT's y;(x) = > ., ¢i¥ar(x) and
Yai(%) = D_may Cityo(x) by differentiating k—1 times and then substituting
x=0 and x =1 respectively.

REMARK 2.3.1. The matrices of these mutually inverse LT’s are the
transposed Wronskians [Ws(0))’ and [W.(1)]’ respectively, and therefore
Wu(0) W,(1) =1. If p1(x)=0, by Abel’s identity W,(0) = Wa(1) =1.

REMARK 2.3.2. If the coefficients of L(D)y are constant, then y,(x—1)
=53(%), Yoi(x+1) =34;(x), and y(x; £) = [—1/po(t) [yan(x —1).

REMARK 2.3.3. The results of this section apply to the interval [a, b] if
the symbols “0” and “1” appearing explicitly as function arguments are re-
placed by a and b respectively, and the symbol “1” in x—1 and x+1 in
Remark 2.3.2 is replaced by b—a, and x—¢ is replaced by x—(t—a) in the
same remark.
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By the foregoing analysis, beginning with LLemma 2.1, we have proved

THEOREM 2.4. Let L(D)y be given by (0.1), let y.i(x), mi(x),
yi(x) (G=1, - - -, n) be NFS's of L(D)y=0 at x=a, x=b, x=t respectively,
and let G(x; t) =Z(x; t)/A be the Green's function for L(D)y =0 and the associ-
ated LI BC’s (0.2), with the arguments 0 and 1 replaced by a and b respectively.
Let y(x; t) = —yu(x)/po(t), and let [Wa(b)]', [Wi(a)] denote the respective
transposed Wronskian matrices of the y.; for x=b and the ys; for x=a. Then
from the matrices

Qo * * * Gl | bio -+« biynt
|
. |
|
BM; o e e . | e e . ,
|
:
ano * Onam—l | bno cee bnm—l
[ [ Yar (%)
| |
| |
I " |
I : [Wa(b)] :
| I
Wa mairix: | | ’
| | yan(x)
| |
____________ l __.__._.__._____I —— e — —— —— —
| I 0, x<t
0 -0 3050 - -y b30) |
I I oy 8, =>4
| | o (x)
| |
| |
| |
(Wi(@)) | I, II
|
| |
Wy mailrix: | ! ,
| [ Yon(%)
I |
_____________ l _.-_-..__._____.__| —— e ——
! | —y(x;t), <t
| |
—v(a; ) —v0=D(a; 1) | 0 0 |
| | 0, x>t

where the derivatives indicated in the augmenting rows are with respect to x, A,
is obtained by taking each determinant C. (xk=1, - - -, 2.C,), whose columns
are one of the 1,C,, distinct sets of n columns of the BM, and multiplying it either
by the corresponding n Xn determinant p,. formed from the Wa matrix or by Wo(b)
times the corresponding nXn determinant uy. formed from the Wy matrix, and
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then summing over all k; Z,(x; ‘t) is obtained in the same way, but with p. and
uee replaced by the corresponding augmented determinants Mo, and My, respec-
tively.

REMARK 2.4.1, The conclusion of Theorem 2.4 remains true when the
symbols a and b are interchanged in it, beginning with A,.

REMARK 2.4.2. The W, matrix is used when C, has more b; ;1 columns
than a; _1 columns.

As a preliminary to the calculation of A and Z for the eigenvalue equation
[EE] L(D)y—\y=0for T (D), the following formulae involving trigonometric
functions of order n [u;] [6], which satisfy y™ +y=0, are presented. Here
and subsequently, w; =@/ (=1, ... n),

General formulae:
1 & 1
(2.5.01) wi(e) = — 2 ™ G=1,",m)
l=1

(2.5.02) #ien(z) = — u;(2) (j any integer),
(2.5.03) u;')(z) = %;-4(2) (4, s any integers),
(2.5.04) ' (0) = 8 Grs=1,,m),
(2.5.05) (s + w) = 2 w-er2(w)1s(3) (j any integer),

sw=l
0 (_ l)rznr+1'—1

(2.5.06) uj(z) = 'gm (] =1, n)»

(2.5.07) ui(wiz) = w0 () (4 any integer).
Special formulae for n=3:
1 2 T 1/2
(2.5.08) ui(z) = 3 (—1)i-le= 4 —3—6‘/2 cos[—(j -1 3 + N z]
(4 any integer),
w(—2) = i(2) + w@u),
(2.5.09) uy(—2) = — ui(z) — u1(2)u2(2),

us(—z) = u:(z) — us(z)u1(2).

Let A =p% Formula (2.5.04), Remarks 2.3.2 and 2.3.1 give, respectively,
¥ai(%) = p7u;(px), ysi(x) = p*~ui(p(x — 1)), Wa(1) = 1. Also, y(x; ¢)
=p~2u3(p(x —¢)). The BM and determinants formed from it will be designated
by writing only one row, with the subscript 7 omitted. Using (2.5.03) and
(2.5.04) gives the desired matrices:
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1<% ‘0 ] | ]
| 0 0 0 | @—-)n— (19—)m, _d— (19—)n I—
1>2 Y((1—x)d)tng d— “ “
IIIIIIIII!II_IIIIl!IIIlIIl.IIIll||I_I IIIIIIIIIIIIIIIIII ixujeuwr 94
((1 — x)d)tn; d __ 1 0 0 __ @=)ym  (@=)ymd (I-)n, d
((1 = x)d)n, d " 0 1 0 “ (9—)ond (@-)ym (I—)m_d
(1 —x))m | 0 0 1 | (9=)rmd (9—)ond (@—)mn
1<z (1—-2x))n, d | I
I (0= 1m (10— 1)9)md (1 — DI | 0 0 0
1> ‘0 | “
IIIIIIIIIIII “IIIIIIIIIIIIIIIIIIIII |J-——————————————————— | XInew °Y
| !
(xd)ing o __ (9)n (9yn,d (9)tny_d _ I 0 0
(xd)em, _d “ (9)end (@) (9yon,d “ 0 1 0
(x)m | () (9)ond UL 0 0 T
( q 'q ] w o 0 ) ‘NG
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By Theorem 2.4, Remark 2.4.2, and Formula (2.5.02), it follows easily that
p*A(p) = — | 620100 |p* + (— | 320:1d0| p* + | a2aoby | p* — | 610002 | 0*)101(p)

+ (| a2mibe| p° + | a200bo| p? — | 31001 | pD)u2(p)

+ (| @2a1b1 | p* — | G200b2 | p* — | @120b0 | p)#s(p)

+ (= | aobsbr| p* + | a1babo | p* — | asbibo| p¥)ur(—p)

+ (| 62bab1 | 0* + | aobsbo| p* — | 31b1bo | p)us(—p)

+ (| @1bsby | p* — | ashabo| p* — | acbido| p)us(—p) — | babido| o?,

(2.5.1)

where the columns for each C, have been ordered as in the BF's (0.2), and
that the terms C,M, of Z(x; ¢, p) are as indicated in Table 2.5.1, which follows.
Each power p™ occurring as a factor of M, has been associated with C, for
convenience in the work of §4.

TABLE 2.5.1. TERMS OF Z(x;¢, p) FOR Ti(D)

Multiplier Mep™™c

Coefficient

Ceome (x<t) (x>1)
' azalaol p? 0 —uy(p(x—t))
| 3180 o= ua(p(1 —1))(px) wa(p(1 —))ur(px) —sa(p(x —£) yus(p)
| asaobi| o~ —ux(p(1 —2))us(px) —us(p(1 —2))us(px) +us(p(x —2) ur(p)
| a1aobe p~2 t(p(1 —8))us(px) w(p(1 —2))us(px) — s p(x —2))ur(p)
[ a2, w(p(1—1))ur(px) wr(p(1 —£))ur(px) +us(p(x — ) us(p)
| axgabo] o2 s 1 =) () — s —E) )+ s — 1) o)
| a1a0bi| =3 ua(p(1 —))us(ox) ua(p(1 — 1) Yus(px) — s p(x — ) Jus(p)
| asaiby| p1 us(p(1 —£))ur(px) u3(p(1 —1))ur(px) +us(p(x —1))us(p)
[ 8aobs| ™! —tr(p(1 —£))us(px) —t1(p(1 —£))us(px) —ws(p(x —2) yus(p)
| a1a0bo| o~ ua(p(1 —£))us(px) #s(p(1 —£))us(px) —us(p(x —#))us(p)
[aobabi| 0™t —ua( —pt)ur(p(x — 1)) +us(p(x —£))wr( —p) —us( —pt)us(p(x—1))
[aibabo| =2 wa( —pt)uslp(x —1)) —ws(p(x —2))us( —p) us( — ptyusp(x —1))
[asbibo| ™t —ws(—pt)us(p(x — 1)) +us(p(x —))ur( —p) —wy( — pt)us(p(x —1))
| asbab| — 1 —ptYur(p(x — 1)) —us(p(% — ) Yus( —p) —w( —pt)u(p(x—1))
[adbabol o™ wa( —pt)us(p(x — 1)) —a(p(x —2))ua( —p) ws( —ptYus(p(x—1))
[arbibo| 0= —ual —ptYus(p(x — 1)) +us(p(x —t))us( — p) —us( —pt)us(p(x —1))
[aibabi| p=!  —wua( —pt)ur(p(% — 1)) —us(p(x —£))us( —p) —us( — ptYur(p(x—1))
| ashabo| o~ t1( — pt)us(p(x —1))+us(p(x —t)Jus( —p) wi( —pt)us(p(x—1))
[aobibo| 6= —ua( — ptYus(p(x — 1)) +us(p(x —))us( —p) —us( —pt)us(p(x—1))

[ Babibo| o2

uy(p(x —1t))

0
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REMARK 2.5.1. Using only the NFS p!=iu;(px) entails more calculation
(although less than the FS ¢*i"), and requires (2.5.05) and (2.5.09) for sim-
plification.

In order to identify and exclude degenerate cases, (2.5.01) is substituted
in (2.5.1). Since wf= —1, there follows

3 3
(2.6.1) 3p%A(p) = Cp® + D Pu(pwr)e®s + 3 Py(pwr)e,

l=1 =1
where .
‘ C= - 3(| azaldol + I b2blb0‘ )s

Pa(pw)) = | a201b2| (pw)® + (| 020:101| — | @2a0b2| ) (pr)*

+ (| a2a1bo| — | a20ebs| + | 3100b2| ) (pwr)?

+ (= | 8200bo| + | @1a0b1] ) (pwi)? + | a100b0]| (pws),
Py(pwr) = | ashsby| (pwr)® + (| alb2bl| - azbzbol ) (pwi)

+ (| aobsbs| — | aibsbe| + | asbidol )(pwr)?

+ (= | aobsbo| + l alblbol )(pwi)? + | aobibo | (puwi).

The BC’'s (0.2) are called degenerate if the associated EE L(D)y=X\y has
only a finite number of solutions satisfying them. A necessary condition for
the exclusion of degenerate BC's is the existence of infinitely many zeros p, of
(2.6.1), making infinitely many p} simple zeros of A (Remark 3.0.6) and
poles of G [9]. The sufficiency of this condition follows from the existence
of the corresponding eigensolutions #;(p,x). By complex variable theory,
A(p) for L(D)= —D?® and (0.2) (which include T5(D) as a special case)
has infinitely many zeros if and only if the coefficients of P,(pw;) or Py(pw;)
are not all zero. Therefore, we have established

THEOREM 2.6. The BC's (0.2) associated with L(D)= — D? are degenerate
if and only if all coefficients of P.(pw:) and Py(pw;), as given by (2.6.1), vanish.

In the next section, some general results will be obtained from which in-
formation about the spectrum of T3 (D) will then follow by specialization.

3. Exponential sums and the spectrum of 75(D). The necessary material
by Schwengeler [13] is summarized as follows:

REMARK 3.0.1. An exponential sum [ES, F(z)] is defined by

(3.0.1) F(z) = f: P,(3)en (N > 1),

in which the @, are distinct complex constants and the P,(z) are polynomials
in the complex variable z which are not identically zero. F(z) is an entire
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transcendental function whose zeros have no finite limit point in the complex
plane.

REMARK 3.0.2. The indicator diagram [ID] is the unique smallest convex
polygon such that none of the exponent points [EP’s] a} lie outside of it. Each
vertex is an EP.

REMARK 3.0.3. As arg z varies from 0 to 2w, each vertex of the ID assumes
the role of representative of the prevalent term [PT] of F(s); that is, the
term of largest absolute value as |z| > . A transition direction ¢, is the
direction of the outgoing perpendicular to a side S of the ID. In the direction
¢, each EP on S corresponds to a PT. This means that the terms of F(2)
of largest absolute value in the direction ¢, correspond to those exponentials
e** whose EP’s lie on S.

REMARK 3.0.4. In an angular region including the boundary sides, which
are rays from O in the respective directions of the outgoing normals to two
consecutive sides of the indicator diagram, that term of F(z) is prevalent
which has the intersection of these two sides as its EP. An EP in the interior
of the ID cannot correspond to a PT. More specifically, if the projection of
the EP o} on a ray in the direction ¢ is algebraically further from O than the
projection of the EP a*, then 3 a positive constant ¢ € Pji(z)e**/P;(z)e%*
=(0(e~¢*l) as Izl — o and arg z=¢.

REMARK 3.0.5. The zeros of F(2), with finitely many possible exceptions
[w.f.m.p.e.], lie in disjoint angular regions [AR’s] (each with vertex at O
and of arbitrarily small angle) given by ¢, —e <¢ <¢,, +¢, with ¢>0.

REMARK 3.0.6. When the only EP’s on S are the two vertices, the number
Ny(r) of zeros satisfying 0 < I z| <r in the AR corresponding to ¢, is given by
N,(r) =r] S| /2w +0(1), where I SI is the length of S. These zeros, w.f.m.p.e.,
are simple, and are given by

(3.0.6) %, = [2nw + i(my — my) log(2nw/ | S|) + O(1)]e=/| S|,

where m1, m, are the respective degrees of the polynomials Pi(2), Pa(2), and
ai*, af are the vertices on S ordered so that ¢,=7/2+4arg(e*—as*). The
principal value of log(2nmw/ | S |) is used.

To extend (3.0.6) through explicit terms which are O(n~? log? n), with p
an arbitrary positive integer, (3.0.1) is transformed by means of the identity

i a
3.1.1) a+ 8= 2(af)!/? cos(; log E>’
with a = Pi(z)e*?, B = Pi(2)e*. By Remark 3.0.4, with j =1, 2, and
k=3, ..., N,dividing F(z) =0 by 2(aB)!/? gives cos [(i/2) log (a/B)]=¥,

where Y—0 exponentially as ]zl — o, for z in the AR of Remark 3.0.5. We
substitute (2/2) log (a/B8) = + (n—1/2)mw —80, where | Re 0] <w/2 and the posi-
tive integer n is large enough, to ensure this (i.e., makes ‘M <1). Thus,
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+(— 1)*! sin @ = y. Therefore, 6§ -0 and 6 = O(sin 6) = O@F). From
(4/2) log (e/B) = (i/2) [log (P1(2)/ P2(2)) + (61— @2)z], pu=7/2 +arg(a* —as*) =
/2 —arg(a1—a:) and arg z=¢,+x, where lxl <e by Remark 3.0.5, it follows
that arg[(i/2)(a1—as)z] =m+x and that only the lower sign is applicable in
the expressions + (n—1/2)r and + (—1)""! sin. Therefore, as #—

3 1
(3.1.2) —;— [log(P:(2)/P2(2)) + (a1 — ax)z] = — <n - -5->1r - 6.
Let P,(z) = ».™ Chuz™*, and Co#0 (v =1, .-, N). Substituting
z=we“w/|a1—a2| in (3.1.2) transforms it into
(3.1.3) w = (2n — D + i log(Q(w)/Qa(w)) + 2,

where Q,= 2™, K, w™* (v=1, 2), and K,,= (e"'*w/[ a;—azl )™~*C,,. For the
iteration procedure which is to follow, the leading terms of @, and Q, are
factored out, thus giving Q,=K,qw™(1+¢,), where ¢,= 2 ™, c,,w~* with
¢s=K,:/K,o when m,>0 but is assumed replaced by 0 when m,=0. Thus,

(3.1.4) w = 2nr + imlogw + ¢ + & + 26,

where m=my—m,, ¢=—m+i log(Kio/Ks), and §=1 log [(1+e)/(1+e)].
Taking logs and reciprocals respectively, after factoring out 2nw in asymp-
totic expansions [AE’s] of the form w=2nm+», which occur in the following
analysis, lead to

(3.1.4a) log w = log n + log 2= + log(1 + &),
(3.1.4b) wt = (1 + §~*(2nm)~?

respectively, where £ =17/2nw. Iteration in (3.1.4), with the aid of the respec-
tive Taylor polynomials [TP’s] for (1+§)~*, log(1+§), log(1+¢,) (v=1, 2),
and then induction, will result in an asymptotic expansion up to an
O(n—r1 log?*! n) error term, with p an arbitrary positive integer, as n— .
There are three cases: Case (1) m;#m.; Case (2) m,=m,, P, P,;; Case (3)
P1§P2.

Caske (1). mi#=m,. The zeroth AE’s for § and w, indicated by using the
superscript (0), are defined to be those whose explicit terms of smallest order
are O(1) but not o(1). Thus, 6 =0(n""). From w=2nr+40(log n), we get
w® = 2nw + im log 2nw + ¢ + O(n~! log n), since O[log(1 + £)] = O(%)
=0(n"!log n). By the definitions of ¢ and K,,, Schwengeler’s term indicated
by “O(1)” in (3.0.6) equals —m@,—m 47 log (Cio/Ceo) +0(n=* log n). The
first AE 80 is obtained from w®, as follows: 6% =4(cy —cz) (w®)~14+0(n~?)
=14(cu—cor) [1 +0() | 2nm) "1+ 0(n~2) =i(c11— c21) (2nm) "1+ O(n~2 log n). The
first AE w® is obtained from w® and 6", as follows:
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w® = 2ux + imlog w® + ¢ 4 &P
= 2nx + im[log 2nx + (im log 2nx + ¢ + O(n~log n)) (2nx)~! + O(§?)]
+ ¢+ 80
= 2nx + imlog 2nx + ¢ + (2nx)"[—m?log 2nx + imc + i(c1 — c))]
+ O(n~%log? n). .
Here and subsequently, the term 26 is dropped, since its inclusion would
merely lead to terms which are O(f). We have established, for k=1, the fol-

lowing induction hypothesis:
For p =k, with k some positive integer, let 6’ and w® be given by

b4
(3.1.5) 8® = X n~iP;(log n) + O(n—""'log? n),

1

P
(3.1.6) w® = 2nx + imlog 2nx + ¢ + Y niPy;(log n) + O(n—7" log?*! n),
jum1
where P,; and P;; are polynomials in log 7 of degree j and less than j respec-
tively. '
With the aid of TP’s, iteration gives

k+1 —_ -1
D = 4 E (=1
-

P S H[{ 5 eutwe} . {% enw )} '] + 0w+,

l=1 l =1 =1

(k) &) —k—2

(&) = @)+ 0™

where, from (3.1.6) and the TP for (1+£)~*,

(w®)—¢ = (Zmr)“[l + EE’ (—1)e s(s+1) - - q.|(s +q¢-—1) E“]

g=1

+ O(n*2logtt?—*n) 1=ss=4h),
(w®)= = 2nr)—[1 4+ 0(®)] = 2n7)~* + O(n*-%log n) szk+1),

k
= (m)~ [n-‘px +2 n-i-lpwj] + O(n*+2 logh+! n),

J=1
k q
o= Qo[ Doepa |+ ot @z,
Jm=1
where pr=1im log n+(4m log 2w+c). The following lemma (whose proof is
obvious, and so will be omitted) will be used:
LeEmMA 3.1, If Q=0(n"? log® n), with a and b non-negative integers, then

Q=0(n"*? log**t? n) whenever b>k+2 (independently of a), and whenever
b=k+2,ask+2.
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In the expression for £¢ preceding Lemma 3.1, the quantity o, given by

k
o =np 4 D nIPy,
Ju=1
is a LC of quantities which are of the form n—* log® n, where 0Sa<f=<k+1,
except for the first term of n~'p;, which has a=8=1. Therefore, in the re-
sulting multinomial expansion for ¢, which is a LC of quantities #~* log? =,
among those terms having the same value for b one and only one will have the
largest value for a; namely (n~Y%m log n)*, when b=¢=1, 2, - - -, k+1—5s.
When b=k+2—s,thena<k+1—s,and 2nr)~*n" log® n=0(n"*"? log *+n)
by Lemma 3.1. Therefore,
k+1—s
(w®)=s = 2nx)~* + Y, w e P(log n) + O(n*2log"*2n) (1 < s = k),
g=1
where P, is a polynomial of degree ¢ in log n with the leading coeffi-
cient [(—=1)es(s +1) - - - (s + ¢ — 1)/g!(27)e*+*](4m)e. Similarly, since e,
=D ™ ¢, (w®)=, it is a LC of quantities #n~# log* #, with & <B. The multi-
nomial expansion of its /th power is a LC of quantities #~ log® n, with a <b;
by Lemma 3.1, all terms with b=k+2 are O(n~*-2 log**! n). Therefore,

k+1
3.1.7) B+ = § 3 nw=iPy;(log n) + O(n~*2 log**+! ),

J=1
where the polynomials Py are respectively of degree less than j. Furthermore,
the analysis of £ following Lemma 3.1 applies in

k+1 (_ 1)«—1

log(1+4) = 2

g=1

£+ O(n~*% logh+? n)

by merely substituting s=0. Therefore, log(1+§)= D ¥ n=1Py(log n)
+O(n~*2 log*¥t? ), where the polynomial Py, is of degree ¢ in log n, with the
leading term [(—1)e/q(27)](sm)? log? n. By (3.1.4), (3.1.4a), and (3.1.7),
this term is multiplied by #m, but the resulting coefficient of log? » is not
affected by the addition of §%+V in w®+D = 2nr +im log w*® +c+ 6%+, There-
fore, even if one of m,, m, is 0 (see the statement just above (3.1.4),

k+1

(3.1.8) w®+V = 2ux + imlog 2nw + ¢ + Y ni i(log n) + O(n~*% log +2 n),
=1

where the polynomial P, = im Py+1P}, and is of degree jin log #, with the

leading coefficient [(—1)7=1/§(27)7](¢m)+1. This establishes the form of (3.1.5),

(3.1.6) for arbitrary integer  >0. From the uniqueness of the AE’s in (3.1.5),

(3.1.6), (3.1.7), (3.1.8) through the kth term of each summation, it follows

that Py=P;;, and P,,=P,; (j=1, - - -, k). This completes the induction.
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CASE (2). my=m,, P, # P,. Since the term ¢m log w drops out of (3.1.4),
pr1=c¢, and the TP for log(1+&) does not appear. The essential details of
Case (1) hold when all (nonzero) powers of log # are simply deleted; 1, Py,
in (3.1.7), and Py, in (3.1.8) are replaced by the constants ¢, c;; and ¢y
respectively. Therefore,

yd
(3.1.9) w® = 2ux + ¢+ D coin=i + O(n—7"Y)
J=1
for all integer » > 0. .
CASE (3). P, =P,. Since O1(w) = Q:(w) in (3.1.3), the result is w=(2n— )7
+26. Thus, we have proved

THEOREM 3.1. Let the ES F(z) be defined by F(z) = Y N, P,(2)e® (N>1),
where the P,(z) are polynomials respectively of degree m, in the complex variable
3, and the a, are distinct complex constants. Let the conseculive vertices a* and as*
of the ID for F(z) be the only EP’s on the side joining them, and ordered so that
bo=m/2+arg(a’* —as*), where ¢y is the argument of the outward normal to this
side. The zeros s, corresponding to this side, w.f.m.p.e., are simple, and given by

% = (e“'”/| a; — dzl )[Zmr + im log(2mr/| a; — azl )+¢

(3.1.10) .
+ 2 nip;(log n) 4+ O(n~*~! logh+t n)],

=1
where k is an arbilrary positive integer, m = my — My, ¢ = — T — MPy

+1 log (Cio/C20), Cio and Cyo are the leading coefficients of Py and P, respec-
tively, and p;(log n) is a polynomial, of degree j in log n with the leading coefficient
(2w /j)(m/2mwi)i*!, reducing identically to a constant when my=m; and to zero
when P,=P,.

In addition to Theorem 3.1, the following results will characterize ¢(75),
the spectrum of T3 (D).

THEOREM 3.2. If A(p), with p*=N\, is the CD of one of the EE's —dry/dx"
=\y and dry/dx"=\y, and w,=¢'*/", then A(pwl) = (—1)*"'A(p).

Proof. By Corollary 2.1, it is sufficient to consider A(p) =det U;(y;) as
formed from the respective FS's y;=¢?i* and y;=¢""i%, where w; =¢**~D7*/n gnd
vj=ei*ln (j=1, - - -, n). Replacing p by pw} merely shifts the last column of
det U;(y,) to the position of the first, and is therefore equivalent to applying
n—1 successive transpositions of two adjacent columns.

COROLLARY 3.2.1. If poisa zero of A(p) for Ty (D), thenpow? (=1, - - -, n—1)
are zeros of A(p).

Proof. This follows from [ successive applications of Theorem 3.2.
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Apart from requiring an additional condition in a subcase of Case 4, the
BC’s I(B) for T5(D) are nondegenerate, since using their canonical forms in
(2.6.1) results in P, and P, of unequal degrees m, and m, respectively. In the
(a) cases mq>my, and the respective values of m, are as follows:

Case l 1(a) 2(a) 3(a) 4(a) 5(a) 6(a) 7(a)

Me= | 5 4 4 3,2,1 2 2 1

In the corresponding Cases 1(b)-7(b), my>m, and the values listed above
for m, become those for my. It is unnecessary to consider these cases sepa-
rately. The significant items for the spectrum of T3 (D) are exhibited below.
The AR'’s including the first two listed values of ¢, are the only ones for
which Theorem 3.1 will be applied; by applying the substitution p= —p’ and
Corollary 3.2.1, the AE’s for the remaining AR’s will then result.

Case P, P ID Vertices a a |ai—a  dw
1) #0 #0 regular hexagon to, tw¥ to*f o —w 1 -r/6
2) #0 =0 equilateral triangle w?*, @« W w1 w3 312 0
3) =0 $#0 equilateral triangle —w*, —wf, —w¥* —o1 —w; 32 T

REMARK 3.3.1. In all three cases, the term Cp? in (2.6.1) does not affect
the asymptotic character of the zeros, since the origin, which is an EP only
when C5#0, lies inside the ID.

REMARK 3.3.2. Under the convention —r <arg z=<w, used here and sub-
sequently, |e?| increases, for a given |2|, as |arg 3| decreases, since |e?|
—_ elzlcos arg z,

Cask (1). By Theorem 3.1, and the fact that the polynomials in (2.5.1)
have the arguments pw;, the O(1) term is — w — (ms — mp)(w/6)
+1 log(Cagwi™/ Cyowz™). Therefore, pn=w.e~*/%, where

Wy, = [2n1r + i(m, — myp) log 2nmw — 7w — (mg + Tms) Z— =+ 7 log(Cao/Chro)
(3.3.1) .
+ > nipi(log n) + O(n*1 log"“n)].

=1

When (2.6.1) is written as

maq 3 mp 3
(3.3.2) 3p°A(p) = Cp® + X Car 2 (pwr)™2ert + 37 Cup D (i)™=,
8=0 =1 =0 I=1

the substitution p= —p’ transforms its right-hand member into an expression
of the same form, but with Ciy=(—1)™"*Cy,, Cp;=(—1)"*C,,, P, of degree
md =my, P{ of degree mj =m,. Application of (3.3.1) gives p, =w, e~i*/8,
where
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w, = [2mr + i(my — m,) log 2nm — & — (my + Tm,) % + i 10g(Cao/Cho)
(3.3.3) .
+ 3 -ip] Gog n) + 0w+ og ++) |

jel
where the primed items other than w, are obtained from the corresponding
unprimed ones in (3.3.1) by means of the substitutions following (3.3.2). Since
p=p'eti*, by Corollary 3.2.1 we have the following result for Case (1):
The zeros of A(p) for T3 (D), w.f.m.p.e., are simple, and given by w,e—%*/8,
Wae*18 qw,ei*/2 w,)e=I2 w!ei*l8 wled*/8 with w, and w, given by (3.3.2)
and (3.3.3) respectively.
Case (2). By Theorem 3.1, Case (2), and Corollary 3.2.1, we have the
following result for the present Case (2): The zeros of A(p) for T3 (D),
w.f.m.p.e., are simple, and given by w,e~%2*/3/31/2 w,/31/2 and w,ei**/3/31/2,
where
k

(3.3.4) w, = [(Zn - — 3’1:’— + X emi+ O(n“"l)],
=1

and the c; are constants.

Cask (3). By the substitution p= —p’, we have Case (2) again, but with
Cly=(—1)m—C,, and P, of degree m,=my. Therefore, we have the follow-
ing result for Case (3): The zeros of A(p) for T3 (D), w.f.m.p.e., are simple,
and given by w, e=i*/3/31/2 w,/¢i*/3/31/2 and w, e*/31/2, where

k

(3.3.5) w, = [(Zn - Dr — g% + X clni+ O(n"“l)],
=1

and the ¢/ are constants.

The remaining analysis will not require these AE's, but the knowledge
that for ¢ =arg p bounded away from ¢, and for r= |p| sufficiently large, the
corresponding A is not in the spectrum of T. For example, examination of
these AE's shows that A& e (75) for e<¢p <w/6—¢, as r— . This fact will
“be used in the next section.

4. Completeness of the eigenfunctions of T5(D) in Ly(0, 1). If A& a(T,),
then G(x; t, \) is the kernel of the integral operator [10] which is called the
resolvent operator of T.[Ry). In L3(0, 1), the norm of R\[|| R\||] satisfies

1 1/2
(4.0.1) |R\| = sup [f ]G(x;t,)\)lﬁdt:l .
0sz=t1 0

The notations G(x; ¢, N) and G(x; ¢, p) will be used interchangeably. It will be
proved that, with a possible exception to be specified later, the eigenfunctions
of T35 (D) span L.(0, 1), provided that the BC’s (0.2) are nondegenerate.
This will be done by applying
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THEOREM 4.0 (DUNFORD-SCHWARTZ) [5]. Let T be an unbounded operator
on Ly(0, 1) whose resolvent R\ is an IO with kernel G(x; ¢, N) such that
S G(x; ¢, N)|2dxdt < . If for some N&Ea(T) and lying outside of disjoint
AR's with a common vertex, each of angle <m/2 but such that the sum of their
angles is arbitrarily close to 2m, we have | R\|| <K|\|*, where K, k are integers
with the same respective values for all such N, then the eigenfunctions of T span
L,(0, 1).

We proceed to show that the hypotheses of Theorem 4.0 are satisfied by
Ry of T3 (D). G(x; t, \) is continuous in x and ¢ over the unit square defined
by 0<x<1, 0=<t<1; therefore, [3/3| G|%dxdt< = for all N&a(T5). By the
results of the preceding section (or Schwengeler's work), the zeros of A(p)
approach, in an angular sense, the ¢, rays for which ¢, is an odd multiple of
/6 in Case (1) and an even multiple in Cases (2) and (3). More precisely,
these zeros, w.f.m.p.e., lie in the AR pairs defined by ¢, —e <¢ <¢, and ¢, <¢

<¢n+e€, where €>0 and suitably small, and ¢,=s7/6 (s= £1, - - -, 6).
Therefore, N&o(T5) as r—x when (s—1)7/6+e<¢p <swm/6—c¢; that is,
when (s—1)w/2+4+3e<arg A<sw/2—3¢ (s=-5, —4, .-, 6). Therefore,

Mo (T5), if we impose the restrictions (s—1)7/6+e<¢p <(s—1)w/6+(e+¢€),
and sw/6— (e+¢€) <¢ <sw/6—e, where ¢ >0 and arbitrarily small. The cor-
responding X lie outside the disjoint AR’s, in the A-plane, given by (s—1)7/2
+3(e+¢) <arg A<sm/2—3(e+¢€') and any four consecutive integer values of
s; we select s=—1, 0, 1, 2. These disjoint AR’s obviously meet the require-
ments of Theorem 4.0. For the remaining values of s these AR pairs are merely
duplicated. Estimates are needed for [f3| Z(x; ¢, N)|2dt]"/? and for A, in ac-
cordance with (4.0.1). We designate the four AR pairs in the p-plane cor-
responding to s=1, 0, 2, —1 as AR pairs (1), (2), (3), (4) respectively. It
will be seen later that the remaining values of s result in the same estimates
as these do. We require the arrangement in Table 4.2.1 of the exponentials
exp(+pwig), for g real and p in the AR pairs (1)—(4) respectively, in descend-
ing order of absolute value as r— . For ¢>0, the first three exponentials
— o in absolute value and the last three —0. For ¢ <0, the descending order
is reversed, and the preceding statement then applies.

TABLE 4.2.1
AR Pair Exponentials in descending order for ¢>0
(1) C-P‘ox’l' ewﬂ’ ePUﬂ' e—qu. e—w;q' eﬂuﬂ;
(2) PO ePnl P it L e LN L
(3) ePust, gTPe, eI, Pl gPUHt, gPUNT,
4) EPUIT eI pPUNT gPUsY PR gL,

The estimating of [fi| Z(x; ¢, \)|2]*/* will be simplified by noting that
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(4.3.1) j;llz[w=j;l Z‘:C‘M.rdtéfol(z': |C,‘M,|)zdt.

By the Schwarz inequality,

1 2 1 1
( f | CuM..]| |C,iM,,|dt) < f | CaM ., |2 f | Cu M., |21,
0 0 []

and so the mixed product terms in the expansion of f3( 2. | C.M.|)*dt are not
of larger order than the larger of [3| C,M.,|dt and f3| C.,M.,| *dt. Therefore,

(4.3.2) j:)l|Z|2dt=O|:j;l; IC‘M,|’dt] =O[r:i§ﬁ1|M.Pdt],

where the last item in brackets means the [j| M. %dt of largest order over all
k> C,#0. Furthermore, O[f5| M,|%dt] is the larger of O[fu>n| M.|dt] and
O[fw<n| M| %dt]. Also, the factor |p™|? of | M,|? will be regarded as written
outside the integral sign and accounted for after integrating the estimates
for | p""uM,[ 2, These integrals may (and will) be used instead of the
Jo| oM, ,‘l 2dt themselves, since the O and [ symbols may be written in reverse
order. For brevity, the transitive relation p=0[gq] will be designated by
p <~q, and |p‘"‘xM,| by Q.. We shall use the ordering of the M, in Table
2.5.1. Unless otherwise specified, the upper sign of a + or F symbol will
refer to the AR pairs (1) and (3), and the lower to the AR pairs (2) and (4).

k=1. For x>t, Ql<~exp{(x—-t)r cos (m/3F¢)}, by Table 4.2.1. There-
fore,

(4.4.1) foledt = f:Qfdt < N—:— exp {2r cos(r/3 F ¢)}.

k=2, -+, 10. For x>t, Qc=|ualp(1—1))us(px) —us(p(x—1))u,(p)|,
where a+8=34v, by (2.5.02). We drop the e*“2 term of (2.5.01) for each of
these #’s, since e*»22=¢7#?—0 for ¢>0 in all four AR pairs, by Table 4.2.1.
On using (2.5.08) and applying the identity

cos A cos B = [cos(4 + B) + cos(4 — B)]/2,

two of the resulting cosines cancel out, giving

cos[(ﬂ - a)-g— 3%lzp(l -t — x)]

Qc < ~ | eettDorz|
(4.4.2)

T 32
- COS[(‘Y -3) ?'l' —2—P(x -t "1)]

Since O[|cos(8+2)| |=0[|sin(8+3)| |=0[em#]=0O[e ! Isinara#I] for @ real,
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the first cosine in (4.4.2) is not of greater order than the second, and so is
dropped. Therefore,

O <~ exp{(1/2)(x — t+ 1)rcos ¢}
-exp{ (31/2/2)(1 4+ t — 2)r(+ sin ¢)}.

The cosine addition formula gives

4.4.49) 0O.< ~exp{r cos (w/3 F ¢)} exp{(x — f)rcos (v/3 £ ¢)}.

(4.4.3)

Replacing x by the value 1 gives

(4.4.5) . Q. < ~ exp{r cos ¢} exp{ —tr cos (/3 + ¢)},
and integration results in
z 2 1
(4.4.6) f Qudt < ~— e w01 é,
0 r
For x <t, keeping only the exponential of largest order for each factor gives
(4.4.7) 0. < ~exp {(1 + x — &)rcos (v/3 F ¢)},
L 1
(4.4.8) f Qfdt < ~—exp {Zr cos (/3 F ¢)}.
z r
k=11, - - -, 19. For x >, the calculation is similar to the last one, but now

the exponential e?**¢ is kept. Thus, Q, < ~efl=2+0r 08¢ and
z 2 1

(4.4.9) f Qudt < ~— ¢¥r o2 ¢,
0 r

For x<t, Qu=| ua(—p)us(p(x— 1)) —s(p(x—1)x(—p)|, With a+B=3+.
Here ¢ <0, and so, by Table 4.2.1, we drop the exp(pe¥i*/%g) term. Applying
(3.1.1) to the remaining two terms of (2.5.01), we then proceed as for
O« k=2, - --,10) for x>¢t. Thus,

(4.4.10) O < ~ercose exp{(t — x)rcos 27/3 F ¢)}.

Now, cos(2w/3—¢) is negative for the AR pair (1) and positive for the AR
pair (3), and cos(27/3+¢) is negative for the AR pair (2) and positive for the
AR pair (4). For cos(2m/3 F¢) <0, integration gives

1 1
(4.4.11) f Qfdt < ~— ¢ s (in the AR pairs (1) and (2)),
z r

and for cos(2r/3 F¢) >0, integrating and replacing x by the value 0 give
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! 1
(4.4.12) f Q:dt < ~— exp{2r cos(x/3 T ¢)} R
z r

in which the upper and lower signs apply to the AR pairs (3) and (4) respec-
tively.
k=20. For x <t, Q, <~elt=2r s ¢ and

1 2 1 . 1
(4413) f Q.dt = f Qudlt < ~— gtreos s,
0 z r

By allowing for the ranges of ¢ in the respective AR pairs, by keeping
only the larger of the respective estimates for [;Q%dt and [;Q3d¢, and noting
that [f3| M.|2d¢]!/2 has the factor r™/2, we obtain

TABLE 4.5.1

Estimates for r—mc*+1/3[ f1| M,| %dt]1/s

k= 1 2,---,10 11, ---,19 20
AR Pair

(1) o[erm(tla—¢)] O[Crooa¢] O[eroos¢] 0[erm¢]
2) O[Crm(flaw)] 0[8’“‘¢] 0[¢reoa¢] O[erm¢]
3) O|er cos (xiz—9] Oler cos x13-9)] Oler wos xis—9] Oler o]
(4) Oler cos x1349)] O]er cos x13+4)] Oler cos 13+ ] Oleroo¢]

By (2.5.1) and (2.6.1),

20
A(p) = 2 Cutry where Y. Cuu, = C/3,

Ke=1 xk=1,20

10 3 19 3
E Cute = "'l—P_s E Pa(P“’l)epm, Z Cd‘x = ip" E Pb(P“’l)e—ml-
k=2 3 =1 k=11 3 =1
Since we have excluded the degenerate case P,=0, P,=0, we now consider
the following three cases: Case (1) P,#0, P,#0; Case (2) P,#0, P,=0;
Case (3) P,=0, P,#0. In all three cases, lower bounds are obtained by
applying the triangle inequality and factoring out the leading term Q of
the PT of A(p), in accordance with Table 4.2.1. Thus, |A| =|Q+(A—0)]
20l - la-0| =0l -|@ -0/ =10|( - h), where 0 5 &
=|@-0/0| =0¢™.
CasE (1). P,#0, P,#0. We have

1 1
|A| > _3_ p~3Crolpwa)™e?2| (1 — k) = _g_ ICbOI pmi—3gr c0s 6(1 — ),

where k= hy, h, for the AR pairs (1) and (2) respectively;
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| Al = [(1/3)673Cao(pws)meers | (1 — hs)
= (1/3) | Cao| rma=ser oo =13-)(1 — h,)(AR pair (3));
| A] 2 [(1/3)p7%Caslpwr)meers| (1 — ho)

(1/3) | Cao| rme=3er costxis+é)(1 — p,)(AR pair (4)).

For all r sufficiently large, there is a positive constant K, smaller than
any of the four positive quantities (1/3)|Csol(1 — k) (b = h, hy),
(1/3)| Cao| (1 =h3), (1/3)| Cao| (1 —h). Let ka be the smaller of the unequal (by
§2) quantities m,—3, my—3. Then |A| >Kartaer @3¢ (AR pairs (1), (2)),
|A| > K arkaer c0s(x/3%6) (AR pairs (3), (4) respectively). The largest entries in
Table 4.5.1 are Olfer = 4], Ofer o= #], O[er o x/3=0)] Qe s */3+8)] for the
AR pairs (1), (2), (3), (4) respectively. By our exclusion of degenerate cases,
not all of the C, vanish for k=2, - - -, 19. By (4.3.2),

1 1/2 1 1/2
(f |z|zdt) =o[max<f |M.|2dt> ]
0 Cx ™0 0

and U&l M ‘| 2dt]'/? equals r™1/2 times the corresponding entry in Table 4.5.1.
Let kz be the largest value of the m,—1/2 (x=1, - - -, 20) such that
C.#0. Then for all r sufficiently large, there are positive constants Ki, Ko,
Ks, K, such that (f3] Z|2dt)!/2 <Kyrkzer <05 ¢, Kyrtzer o8 ¢, Kyrkzer cos (x/3-9),
K rkzer cos (x13+®) for the AR pairs (1), (2), (3), (4) respectively. Let Kz be the
largest of the constants K;, K,, K3, and K,. Then for the AR pairs (1), (2),
(3)’ (4)’ (f;l ZI 2dt)l/2 <Kzf’"z times er cos dt’ er o8 ¢, er ©os (r/3—¢)' er cos (x/3+¢)
respectively. Therefore, “qu <(Kz/KA)r’°Z"‘A=(Kz/KA)])\| (kz=ka) 13 where
the constants (Kz/K,) and (kz—ka)/3 are independent of the choice of \ in
the AR pairs (1)-(4) inclusive, for all sufficiently large r. There are integers
K, 2DKzKz/Ka, k= (kz—ks)/3. This completes the proof in Case (1).
CaSE (2). P,#0, P,=0. For the AR pair (1),

1 1
|| 2 3 p~*Caolpws)meers | (1—h{ =-3—|C¢,o|r"‘“‘3e' cos (/3-)(1 — ).

We see at once from Table 4.5.1 that (f3| Z| 2dz)'/? is possibly of exponentially
larger order than A unless C,=0 (xk=2, - - -, 20), which is a degenerate case.
Therefore, Theorem 4.0 is inapplicable.

Cask (3). P,=0, P,#0. For the AR pair (3),

1 1
'A' = —3'P‘3Cbo(Pw2)”"’8_’“’ 1—-H)= Y | Cbol rmo—dgroos é(1 — hi).

By Table 4.5.1, ( fé| VA | 2dt)1? is possibly of exponentially larger order than A
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unless C,=0 (k=1, - - -, 19), which is a degenerate case. Therefore, Theorem
4.0 is inapplicable.

REMARK. The estimates in this proof remain the same if four consecu-
tive values of s other than —1, 0, 1, 2 are used, in view of (2.5.07). Also,
the possible exception referred to earlier occurs when P,(pw;) or Py(pw:) is
identically zero. Thus, we have proved

THEOREM 4.5. If P,(pw:) and Py(pw:), as given by (2.6.1), are both not idents-
cally zero, then the eigenfunctions of Tg (D) span Ly(0, 1).
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